The main result of this paper is that for a commutative ring R and finitely generated submonoids M and N of Z2 the monoid rings R [M] and R [N] are isomorphic as R algebras if and only if M and N are isomorphic. In the course of proof we derive various results concerning the structure of rank 2 monoids and isomorphisms between the corresponding monoid rings. implies A4 z N. There occurs such a phrase in this section " . . . this isomorphism problem has hardly been considered in the literature for the monoids that are not groups . . . ". It seems that the aforementioned isomorphism problem for such monoids has not been considered in the past decade since the appearance of Gilmer's book. On the other hand the situation for group rings is quite different. Since the case of free abelian groups is trivial the difficulty here is concentrated mostly in the case of finite abelian groups. The classical results, related with these topics, were obtained in [lo]. At present the study of the isomorphism problem for arbitrary (noncommutative) finite groups is very active and highly advanced [12] .
Introduction
Gilmer's book [3] implies A4 z N. There occurs such a phrase in this section " . . . this isomorphism problem has hardly been considered in the literature for the monoids that are not groups . . . ". It seems that the aforementioned isomorphism problem for such monoids has not been considered in the past decade since the appearance of Gilmer's book. On the other hand the situation for group rings is quite different. Since the case of free abelian groups is trivial the difficulty here is concentrated mostly in the case of finite abelian groups. The classical results, related with these topics, were obtained in [lo] . At present the study of the isomorphism problem for arbitrary (noncommutative) finite groups is very active and highly advanced [12] .
In a series of papers [4-91 we established a number of K-theoretical properties of monoid rings corresponding to commutative, cancellative and torsion free monoids. The general observation here is that the invariants related with Grothendieck groups *This research was supported in part by ISF, grant number MXHOOO.
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.50 0 1995 Elsevier Science B.V. All rights reserved. SSDI 0022-4049(94)00141-3 cannot distinguish polynomial rings from an essentially more wide class of monoid rings. Based on [9] we could speculate that Bass K-groups might serve as sufficiently sensitive invariants to distinguish R [M] and R [N] for M and N nonisomophic. We recall that Higman's aforementioned results, enabling us to recognize H in R [H] for some special cases, concern just the groups of units -the classical part of K,-groups.
The present paper is intended to fill for low rank monoids the mentioned existing gap between the cases of finite groups and the monoids "that are not groups". For standard terminology in commutative algebra the reader is referred to [2, 111.
Preliminaries
If the contrary is not explicitly stated all the monoids are assumed to be with unit, commutative, cancellative and torsion free (i.e. the corresponding groups of quotients are torsion free). Rings are also assumed to be with unit and commutative. For a monoid M its group of quotients will be denoted by K(M). In what follows M will be identified with its isomorphic image in K(M). Z, Q and [w will denote integer, rational and real numbers, respectively, and Z + , Q + and aB + will denote the additive monoids of the corresponding nonnegative numbers. We put rank(M) = rank(K( Actually, most of these statements are very special cases of the structural theorems (for higher rank monoids), dispersed and frequently used in [4-91. However, in an attempt to make this paper as self-contained as possible modulo [3] we sketch the proofs of these special cases.
Proof. (a) If N is cancellative and torsion free then R[N] is a subring of R[K(N)]
and K(N) is a filtered union of free abelian groups. (b) is just Corollary 12.11(l) of [3] . (f) If rank(M) = 2 we can identify Q 0 K(M) with Q2. In turn M can be identified with its image in Q 0 K(M). Since U(M) is trivial the sector in Iw2, spanned by M, will be strictly convex, i.e. no straight line passing through the origin lies entirely in this sector. The finite generation of M implies that this sector will be closed. Moreover, the boundary radial rays of the sector will be rational (they are spanned by some elements of M). In this situation one can fix coordinates in Q2 in such a way that the mentioned rays will coincide with Q + @ 0 and 0 @ Q + , respectively. Then we shall obtain an integral monoid extension N c Q: for some monoid N isomorphic to M. Since M is finitely generated we could choose coordinates in Q2 so that the mentioned monoid extension would pass through some integral monoid extension of type N c Z", .
The case rank(M) = 1 is even more elementary. Proof. Considering any homomorphism from R to some field without loss of generality we can assume R itself is a field. By Proposition 2.1 (a) N is cancellative and torsion free. The finite generation of N obviously is implied by that of M. By Proposition 2.1(j) rank(M) = rank(N) and by Proposition 2.1(e) we have the natural isomorphisms U
(R[M]) = U(R) 0 U(M) and U(R[N]) = U(R) 0 U(N), whence the mentioned isomorphism U(M) z U(N).

0
We shall also need the following obvious Lemma 2.3. Letf: A -+ B be an isomorphism between two domains A and B. Then there exists a unique commutative square with vertical maps inclusions and fan isomorphism. In case f is an isomorphism of R-algebras (for some R) then so is f
Preliminary reductions of the general case
The following proposition reduces the general case of the isomorphism problem for rank 5 2 monoids to the case of rank 2 monoids without nontrivial units. Suppose X"EM for some UEFV. Then First we have to make sure that Xp Yuq+"p actually belongs to N whenever Xp Y q E M. This is clear for p = 0 becausef( Y ") = (uY")~ E R [N] and in the case p > 0 the claim follows from the observation that the highest member of the polynomial f(XpYq) E R[X, Y, Y-'1 with respect to degrees of X has the form sX~Y~~+"~ for some s E R, s # 0. Clearly, 4 is a monoid homomorphism. Analogously, the mapf-'
gives rise to a monoid homomorphism $: N --f M. The verification of the equality --i (I/ = 4-r is straightforward whenever one observes that (f)-' =f-and both $ and $ preserve degrees with respect to X. 0
The next six sections are devoted to the consideration of the special case of rank 2 monoids without nontrivial units. We start with the structural description of such monoids, which in addition are normal.
Fans and stratifications by broken lines
In this section the monoid operation is written additively. We recall that a fan F in I%!' is a collection of two-dimensional strictly convex rational sectors with vertices in 0, such that clng is a face (maybe 0) both of CI and /? for all ~1, fi E F. We shall say that F is finite if it consists of finitely many sectors. A fan decomposition of some sector y in R2 with vertex in 0 is a fan F, such that y = U, c(. Now suppose M is a finitely generated rank 2 monoid with trivial U(M). By S(M) we shall denote the sector in R 0 K(M) ( Returning to our situation we get But an easy geometrical observation ensures that
Therefore uiO E Ai, a contradiction with our convention on enumeration of
Let c1 be a strictly convex sector in R2 with vertex in 0, and I a continuous line connecting some two points lying on the boundary rays of ~1, respectively, in such a way that any radial direction in tl intersects 1 exactly in one point. In this situation I divides c1 into two parts, one of which contains 0. We shall denote by I+ the other part of u. Later on 1 will be called concave in tx if 1+ is convex (in the usual sense). Now assume we are given a finitely generated normal rank 2 monoid M with trivial We shall need one more lemma. Now let M be a finitely generated normal rank 2 monoid with trivial
where Si is the sector (with vertex 0) bounded by the radial directions of Ui-1 and Ui+ 1. Clearly, the monoids Li are normal and, therefore, by Proposition 4.3 di (Li) = { Ui_ i,Ui,Ui+r}. We assign to each Ui, i E [2,n -11, the natural number ci determined by the equalities ciUi = Ui_ 1 + ui+ 1, the existence of which is implied by Lemma 4.5. In this way we obtain a map from pairs of type (M, co) to the set of all finite (maybe empty) sequences of natural numbers exceeding 1, where M is a finitely generated normal rank 2 monoid with trivial U(M) and w is an orientation of Iw 0 K(M). Since Z2 acts naturally (by inverting) on such orientations and sequences this map gives rise to a map from the set of isomorphism classes of finitely generated normal rank 2 monoids with trivial groups of units to 9+/Z2, where %a is the set of finite sequences of natural numbers exceeding 1. We denote this map by 8 and its source by M2. The following proposition shows how nontrivial a finitely generated normal rank 2 monoid with a trivial group of units can be. Proof. First we shall show that if to some pairs (M, co) and (M', CD') of the aforementioned type corresponds the same %? E 9'+ then M z M'. This will imply that 6' is injective. Let el = (1,0) E R2 and ez = (0,l) E R2. We fix the usual orientation on R2, i.e. the one when el precedes e2. Suppose $9 = {c2,. . . , c,_ 1 > E 929, n E N. Then there exists a unique broken line 1 c W: with successive vertices et, x2, . . . , x,_ 1 and e2 such that the equalities el + xj = c2x2, x2 +x4 = c3x3, . . ..x._~ + ez = c,_~x,_~ hold (I is then concave in R:). This follows from the observation that the corresponding systems of linear equations are nondegenerate (details are left to the reader). Clearly el,x2 ,..., x,-l,e2EQ:. Now we have to show that any [%'I E 9+/Z2 has a lifting in Mz. Let 1 be the broken line, concave in R", , we constructed at the beginning of the proof. We will be done whenever the monoid L, generated by e, , x2, . . . , x,_ 1 and e2 (notations as above), will turn out to be normal and the equality d,(L) = {el, x2, . . . ,x,_ 1,e2) will hold. We have L = u;-' Li, where L, is the submonoid in L, generated by {el,x2}, L2 that generated by {x2,x3}, etc. From the defining equalities of xis we get
Further, since 1 is concave in IR: one easily observes that for arbitrary Y,Z E {el,x2, . . . , x,_ 1, e2}, y # z, the element y -z E R2 cannot belong to R: . Let M be a finitely generated normal rank 2 monoid with trivial U(M), d,(M) = {uI,..., u,> and ci be the natural numbers determined by the equalities ciUi = Ui_ 1 + Ui+l, i E [2,n -l] (see above). We have the following obvious Lemma4.8. In particular, a rank 2 free monoid is a first straight monoid. The proof immediately follows from Propositions 4.6 and 2.1(i).
Graded automorphisms of R[M] for M straight
Throughout this section K will denote an algebraically closed field, X and Y variables and the monoid operation will be written multiplicatively. First let us recall some basic properties of Newton polygons. Suppose F E K [H J for some monoid H of rank 2 and F = r1 h, + ... + rdhd is the canonical expansion of F, where rl, . . . ,rdEK and hI,..., hd E H. In this situation we shall write supp(F) = {h,, . . . , hd) and the Newton polygon of F, denoted later on by N(F), is defined as the convex hull of supp(F). Here the convex hull is considered in R @ K(M). We shall need the following standard and easily verified. In what follows the multiplicative monoid of "pure" monomials in X and Y will be identified with Z:. Throughout this section M will denote a finitely generated rank 2 normal monoid without nontrivial units. We keep the notations and conventions of Section 4 save the monoid operation, which as in the previous section will be written multiplicatively. First let us show that Ui x Ui' = 0 whenever ui, Ui' E d,(M) and ui and Ui' do not belong to the same M, for some a E [l,s + 11. Since Ik/Ik+' = Rdk(M) for k E N we have to show that UiUi' E d,(M) for some k 2 3. Let ll be the part of l,(M), bounded by Ui and Ui', and S the sector with vertex at 1, bounded by the radial directions of Ui and Ui'. Since II(M) is concave in S(M) (see Proposition 4.4(a)) the broken line 1, will be so as well in S. By our assumption (that Ui and Ui' do not belong to the same segment submonoid) ll will be strictly concave (i.e. not a segment). Put lk = Sn l,(M), k E N. Thus /k's are homothetic images of 1i with coefficients k, respectively. Clearly, UiUi, E S. Therefore, by Proposition 4.4(b) we have uiui' E /k for appropriate k E N. Now the claim follows from the following elementary geometrical observation (the verification of which is left to the reader): for any two-dimensional sector tc in [w2 with vertex at the origin, any continuous line r c c(, which is strictly concave in CI, and the end points 5 and q of r, the point 5 + q belongs to r,' \ r,, where r2 denotes the image of r with respect to the homothetic transformation of [w2 centered at the origin with coefficient 2 and r: denotes the part of CI bounded by r2 and not containing the origin. Now assume x, y E M and they do not belong to the same segment submonoid M, for some a E [l, s + 11. Suppose x E M,, and y E M,,, for some a', a" E [l, s + 11, a' # a". As remarked above the defining generating sets of M,'s actually coincide with dI(M,)'s, respectively. Since dl(M,) c dl(M), a E [l, s + 11, we conclude that there must exist ui,, ui,, E d,(M), which do not belong to the same segment submonoid of M, such that ni' divides x (in M,,) and I.+ divides y (in M,,,). In this situation we already know xxy=O.
To show that the embeddings R[M,] + gr(R[M]), a E [l,s + 11
, are R-algebra homomorphisms it is enough to show that x x y = xy whenever x, y E M, for some a F [l, s + 11. Suppose x and y are such elements and x E dk, (M,), y E d,,(M,) . By the definition of segment submonoids we have xy E dk, + k, (Mo) 
Corollary 6.2. The embeddings R[MJ + gr(R[M]), a E [l, s + 11, are R-retractions (notation as aboue). More precisely, they split the mappings x,, respectively.
Corollary 6.3. Let R be a domain, M and N rank 2jinitely generated normal monoids without nontrivial units. Assume gr(R[M]) and gr(R[N]) are isomorphic as graded R-algebras. Then either M and N are both straight or they both are not so.
Proof. Propositions 6.1 (b, c) and 2.1 (a) easily imply that for a finitely generated normal rank 2 monoid I, without nontrivial units gr(R as R-algebras. 
. Then gr(K[M]) is graded K-isomorphic to gr(K[N]). This follows from Proposition 6.1(c).
In particular, we see that the two invariants Cl(-) and gr(-) together cannot recognize the monoid A4 in K [M] in the class of normal augmented affine K-algebras. Let us just remark here that it would not be sufficient too if we would consider one more invariant spec(-).
Graded isomorphisms between gr (R [M] ) and gr (R [M] )
Monoid operation is again written multiplicatively. A4 and N will denote two finitely generated rank 2 normal monoids without nontrivial units. We shall also use the notation similar to that in the previous sections. One convention: when we say that two submonoids of some monoid are disjoint we mean that their intersection is the trivial monoid. In the proof of Proposition 7.1 we shall use = vi for P E CLd, 69 NMP~)) = C$, vfl.1 for P E CL c,l, (iii) NV&~)) = C4, $1 for P E CL c,l, (iv) NLf&43) = vt + l pp for P E CL ~1, (4 NLM&T)) = Cvc4, + I --p, vc".l for P E Cl, 4, (4 NM&t)) = [VP, vc". + , -J for P E CL ~1, (vii) N(f,(~i)) = Cv?, v,U,l for P E CLcJ.
Lemma 7.2. For each a E [l, s + 11 (resp. b E [l, t + 11) (a) the subset Mi c M, (Ni c Nb) is the largest submonoid of M (of N) disjointfrom MI,Mz, . . . . MU-~,M,+I, . . . . M, and MS+1 (from NI,Nz, . . . . Nb-l, N~+I ,..., Nt and N t+1> respectively), (b) the monoid MA (NA) is a rank 2 normal monoid having the same group of quotients as M (N, respectively), (c) R[MJ (R[Nb]) is the smallest completely integrally closed domain in thefield of fr.actions of R CM] (R [N]) containing R CM:] (R [Nil, respectively).
Proof. (a) In effect, MA (NL) is obtained by deleting from
Step 5: Now let a = 1. We have pi = u,, ,u~a~,' = u,. 
b#a,u+l
By the same arguments mentioned above, supp(g(uJ) cannot be contained in N;uN;+,.
Hence vie E supp(g(uJ) for a E [l, s]. Our claims are proved. Step 8: Let us assume a(l) = 1. To complete the proof of the proposition in this situation it only remains to show that g(Ui) = XiUi for some Xi E R\{O}, where i E [iI + 1, i, -11, because in this case Xi automatically will turn out to be invertible.
In Clearly, similar arguments work for the case a(l) = s + 1 and, hence, the proposition is proved. The proof follows from the very same arguments used in Steps l-6 of the proof of Proposition 7.1. We again let M and N denote two arbitrary finitely generated normal rank 2 monoids without nontrivial units. show that in OUT SitUatiOrl vki E SUpp(g(uki)) for
UkiEdk(M)nMs+, (kE N).
Step 2: We continue to remain in the situation of Proposition 7.1, Case (a). To complete the proof of the inclusions rki E supp(g(uki) Step 3: Since g-l satisfies the analogous conditions as g for the orientations of Iw 0 K(M) and iw @ K(N) we have fixed above, the same arguments show that nki E supp(g-r(oki)) for k E N and i E [l, #d,(M)] in the situation of Proposition 7.1, Case (a).
Step 4: Now we turn to the situation of Proposition 7.3, Case (a). I,(N) (and 1,(M) as well) is a broken line consisting of two segments with a common vertex u,, (u,,, respectively). Since vi, E supp (g(u,,) ) the point v,~ will be a vertex of N(g(u,,) ). So by Lemma 5.2(b) vt will be a vertex of N(g(u,')) for any natural c. But then vf, E supp(g(uE))
for c E N. Therefore, to establish the desired inclusions
it Suffices t0 consider the CaSeS uki E M; and uki E M;. On the other hand, as one easily observes, for a = 1,2 we have the commutative square (analogous to ( *))
Since ~~~~~~~~~~~ a = 1,2, are graded R-isomorphisms, satisfying the conditions ~1 ogIRcMII(nl) = xl01 and n 20glRCM,I(~,J = x,v, for some X~,X,E U(R), the same arguments presented in
Step 1 give us what we want.
Step 5 = gr(R[N])) by X,in (y,i,) will be denoted the nonzero homogeneous summand of least degree of x ( y, respectively).
Lemma 8.1. Let M and N be normal, x E Z c R[M] and f: R[M] + R[N] cm augmented R-isomorphism.
Then supp(gr(f)(x,,,)) c supp(f(x)). for some a E K \ {0, l}.
Step 3: Assume tx E Mat(M,N) has nonzero entries. Then by the previous steps for some a E K \ (0, 1). By equality (ii)
E Mat(N, n/r).
We have the following equivalences: In the proof we shall need two more auxiliary results. 
